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MODULAR GROUP ALGEBRAS WHOSE GROUP OF UNITARY UNITS
IS LOCALLY NILPOTENT
V. BOVDI
Abstract. We characterize those modular group algebras FG whose group of unitary units
is locally nilpotent under the classical involution of FG.
Let V∗(KG) be the unitary subgroup of the group V (KG) of normalized units of the group
ring KG of a group G over the ring K, under the classical involution ∗ of KG. The group
V∗(KG) has a complicated structure, has been actively studied and it has several applications
(for instance, see [5, 7, 9]). For an overview we recommend the survey paper [1].
Our main result is the following.
Theorem. Let V (FG) be the group of normalized units of the modular group algebra FG of
a group G over the field F of positive characteristic p. Let V∗ be the unitary subgroup of the
group V (FG) under the classical involution ∗ of FG. The following conditions are equivalent:
(i) V (FG) is locally nilpotent;
(ii) V∗(FG) is locally nilpotent;
(iii) G is locally nilpotent and the commutator subgroup G′ of G is a p-group.
Proof. (ii) ⇒ (iii). Since V∗ is a locally nilpotent group, G is also locally nilpotent. Consider
an f.g. subgroup S = 〈f1, . . . , fs ∈ V∗〉 ≤ V∗. Clearly H = 〈supp(f1), . . . , supp(fs)〉 is an f.g.
nilpotent subgroup of G and S ≤ V∗(FH) < V∗(FG). Hence we may restrict our attention to
the subgroup V∗(FH), where H is an f.g. nilpotent subgroup of G containing a p-element. The
set t(H) of torsion elements of H is a finite group (see [4], 7.7, p. 29) and t(H) = ×qSq is a
direct product of its Sylow q-subgroups Sq (see [3], 10.3.4, p.176). Clearly there exists c ∈ ζ(Sp)
of order p such that ĉ =
∑p−1
i=0 c
i is a central square-zero element of FG, where ζ(Sp) is the
center of Sp. Let us fix c ∈ ζ(Sp).
Now we prove that for any g, h ∈ G with (g, h) 6= 1 there always exists s ∈ N such that
hp
s
∈ CG(g). We consider the following three cases:
Case 1. Let g2 6∈ 〈c | cp = 1〉 ⊆ ζ(Sp). Since a locally nilpotent group is always Engel (see [10])
and the element w = 1+(g−g−1)ĉ is a unitary unit, L = 〈g, h, w〉 is an f.g. nilpotent subgroup
of V∗. Hence L is Engel and the nilpotency class cl(L) of L is at most p
m for some m ∈ N. Put
q = pm. Since
(
q
i
)
≡ 0 (mod p) for 0 < i < q and L is Engel, we get that
1 =
(
w, h, q
)
= 1 + ĉ
q∑
i=0
(−1)i
(
q
i
)(
gh
q−i
− g−h
q−i
)
= 1 + ĉ
(
(gh
q
− g)− (g−h
q
− g−1)
)
,
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so
ĉ
(
(gh
q
− g)− (g−h
q
− g−1)
)
=
= ĉ
(
g2(g, hq)− g2 − (g−1, g−h
q
) + 1
)
= 0,
which leads to the following two cases: either g2 = g2(g, hq)cj or g2 = (g−1, g−h
q
)cj .
If g2 = g2(g, hq)cj for some 0 ≤ j < p, then (g, hq) = ci and gh
q
= cig for some 0 ≤ i < p.
Hence
(
h−q
)p
g
(
hq
)p
= (ci)pg = g and hp
m+1
∈ CG(g). If g
2 = (g−1, g−h
q
)cj for some 0 ≤ j < p,
then similarly to the previous case we get that hp
m+1
∈ CG(g).
Case 2. Let g2 ∈ 〈c | c2 = 1〉 ⊆ ζ(S2) and p = 2. Clearly |g| ∈ {2, 4} and w = 1+ gĉ ∈ V∗(FG),
soM = 〈g, h, w〉 is an Engel subgroup of V∗(FG) and there exists m ∈ N such that cl(M) ≤ 2
m.
Put k = 2m. Since
(
k
i
)
≡ 0 (mod 2) for 0 < i < k and M is Engel, we get that
1 =
(
w, h, k
)
= 1 + ĉ
k∑
i=0
(−1)i
(
k
i
)
gh
q−i
= 1 + ĉ
(
gh
q
− g
)
.
Hence ĉ(gh
k
− g) = 0 and (g, hk) ∈ 〈c〉, so either (g, hk) = 1 or gh
k
= cg. In the second case we
have
(
h−k
)2
g
(
hk
)2
= c2g = g and h2
m+1
∈ CG(g).
Case 3. Let g2 ∈ 〈c〉 ⊆ ζ(Sp) and p > 2. Evidently |g| = 2p and g = ax in which |a| = 2 and
x ∈ 〈c〉. Moreover gp
t
= a for any t ∈ N and (g, h) = (gp
t
, h) = (a, h) 6= 1. Now exchanging
g ⇆ h and repeating the calculation above (i.e. the cases when either h2 6∈ 〈c〉 or h2 ∈ 〈c〉 and
p > 2) we see that the only possible case left is |h| = 2p and h2 ∈ 〈c〉. It follows that h = by in
which |b| = 2 and y ∈ 〈c〉. Thus (g, h) = (a, b) 6= 1, |ab| > 2 and a(ab)a = (ab)−1, so
〈1 +
(
(ab)− (ab)−1
)
ĉ, a〉 ∼= Cp ⋊ C2, (p > 2)
is a non-nilpotent unitary subgroup, a contradiction.
Consequently for any g, h ∈ G with (g, h) 6= 1 there always exists s ∈ N such that hp
s
∈
CG(g), so (g, h) is a p-element (see [8], 10.1.4, p.287) and G
′ is a p-group.
If G is locally nilpotent with G′ is a p-group, then V (FG) is locally nilpotent (see [2], Theorem
3), so V∗ ≤ V (FG) is locally nilpotent too. This proves (iii) ⇒ (i) ⇒ (ii). 
The following trivial consequence of our theorem gives a generalization of a result of G.T. Lee,
S. Sehgal and E. Spinelli obtained in [6] for the case when the characteristic of the field F is
different from 2.
Corollary. Let FG be the modular group algebra of a group G over the field F of positive char-
acteristic p. Let V∗ be the unitary subgroup of the group V (FG) under the classical involution
∗ of FG. The following conditions are equivalent:
(i) V (FG) is nilpotent;
(ii) V∗(FG) is nilpotent;
(iii) G is nilpotent and the commutator subgroup G′ of G is a finite p-group.
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